Planar large-bipolarons can form if the ratio of the surrounding mediums' static to highfrequency dielectric constants is especially large,  0 /  >> 2. A large-bipolaron in p-doped 
I. Self-trapping and formation of a strong-coupling polaron
An electronic charge carrier becomes self-trapped in condensed matter when it is bound within the potential well produced by displacing the equilibrium positions of surrounding atoms from their carrier-free locations [1] . The corresponding strong-coupling polaron comprises the selftrapped electronic charge carrier together with the surrounding vibrating atoms. In addition, the stiffness constants governing these vibrations are generally reduced by the self-trapped carrier adjusting to the associated atomic displacements.
A strong-coupling polaron is described within the adiabatic approach [1] . Its wavefunction ( * +) is then the product of an electronic wavefunction as a function of atomic positions ( * +) and the wavefunction describing atoms vibrating about displaced equilibrium positions (* +): ( * +) ( * +) (* +) ( )
Here r designates the electronic carrier's position and * + represents the set of atomic positions.
The adiabatic limit addresses polaron formation with the atoms presumed fixed at the displaced equilibrium positions they assume in the self-trapped electronic carrier's presence [1] .
A polaron's net groundstate energy is the sum of its energy in this adiabatic limit E ad plus the softened vibrations' zero-point energy. A scaling analysis of polaron formation finds that E ad is the minimum of the energy of an energy functional E 1 (L) with respect to L, the parameter scaling the self-trapped carrier's spatial extent [1, 2] .
The energy functional associated with a self-trapped hole confined to a plane that is embedded within an ionic medium is [1, 2] ( )
Here T and U respectively denote electronic bandwidth and Coulomb interaction parameters. The second contribution describes the lowering of the potential energy resulting from displacements of the embedding medium's ions driven by their Coulomb interactions with the self-trapped electronic carrier. The ionic medium is characterized by its static and optical dielectric constants,  0 and   , respectively. The third contribution, proportional to V p , results from interactions of the self-trapped carrier with its plane's atomic displacements. As shown in Eq. (7) When V p > T the self-trapped carrier collapses to the smallest physically meaningful size (e.g. a single site) thereby forming a small polaron [1] . Otherwise, the self-trapped carrier extends further and its polaron is referred to as being large [1] .
A small polaron typically moves incoherently via a series of thermally-assisted hops. By contrast, a large polaron's motion is coherent since the change in its electronic energy as it moves between sites is generally less than the electronic transfer energy associated with this movement. Analogously, a large (singlet) bipolaron moves coherently whereas a small (singlet) bipolaron moves incoherently by thermally assisted hopping. Thus, only a large-bipolaron is viewed as a suitable basis for bipolaronic superconductivity [3] [4] [5] .
II. Formation of a large-bipolaron
A bipolaron forms when two electronic carriers of opposing spin occupy a common self-trapped state. The energy functional governing bipolaron formation differs from that for polaron formation in three respects. First, the sharing of a common potential well by a pair of carriers doubles their net kinetic-energy contribution: T  2T. Second, the bipolaron contribution to the self-trapping potential energy from two carriers occupying a common state in the self-trapping potential well is quadruple that for polaron formation since each of the two carriers shares a potential well whose depth is doubled: 2  2 = 4. Third, the two carriers experience their mutual Coulomb repulsion, e 2 /  r 1  r 2 . Thus the energy functional for a planar bipolaron interacting with off-plane ions becomes [1, [3] [4] [5] :
shows that off-plane electron-phonon interactions offset much of the mutual repulsion energy of a bipolaron's two carriers when  0 >>   . Furthermore, as shown in Fig. 1 , intra-plane electron-phonon interactions can foster the stabilization of a bipolaron with respect to two separated polarons. The minimum of E 2 (R) then lies below the minimum of 2E 1 (R).
However, the bipolaron will collapse into a small bipolaron if intra-plane electron-phonon interactions are too strong. Large-bipolaron formation is therefore limited by the condition [1,3-
( ) Stabilization of a large bipolaron with respect to separating into two polarons also can be driven by reducing the paired electronic carriers' mutual Coulomb repulsion [1, 9] . Electron correlation then lowers carriers' mutual Coulomb repulsion by keeping the two carriers away from one another. By contrast, the in-plane electron-phonon interaction drives large-bipolaron formation by enhancing the two electronic carriers' mutual overlap. A variational calculation incorporating both effects finds that a four-lobed large-bipolaron is at most only weakly stabilized by electron-correlation if the in-plane electron-phonon interaction is extremely weak;
See Eq. (29) of Ref. (9) . Otherwise, correlation effects are overwhelmed by those of the in-plane electron-phonon interactions. Hence, large-bipolaron formation is herein envisioned as being driven solely by the in-plane electron-phonon interactions.
III. Condensation into a large-bipolaron liquid
There are additional physically significant polaron effects beyond the adiabatic limit. In particular, self-trapped electronic carriers' adjusting to the atomic vibrations lowers their stiffness constants [1, 10, 11] . For simplicity, consider Holstein's Molecular-Crystal Model, where each site consists of an harmonic oscillator with scalars describing its vibrational displacement and its stiffness [12] . Then, this polarization effect shifts oscillators' potential energy by:
where k g (u,u) denotes the reduction of the stiffness constant associated with oscillators located at u and u generated by polarization of a singlet pair of self-trapped carriers centered at position Denoting the n-th orbital eigenstate and corresponding electronic energy by g,n and E n yields a simple expression for the carrier-induced reduction of the stiffness constant:
where Z(r  u) describes the magnitude and range of the electron-phonon interaction between a carrier at position r and an oscillator nominally located at u. In particular, displacement of an oscillator at u by (u) alters the electronic potential at r by Z(r  u) (u).
The ground-state energy of a collection of n large bipolarons that are each centered at a site labeled as g is then given by [10, 11] 
∑( ) ∑ ∑ ( )
Here E g , ad denotes the ground-state adiabatic energy of a large bipolaron centered at site g produced by displacements of oscillators' equilibrium positions. In addition, adjustment of a site's self-trapped-carriers to these oscillators' vibrations lowers their zero-point energies by  g .
The magnitude of this contribution to the shift of oscillators' zero-point vibration energies is primarily of first order in the fractional electronic carrier-induced shift of the stiffness constant, k:
The collective contribution to the lowering of oscillators' zero-point vibration energy from self-trapped carriers centered at sites g and g is represented by  g,g . The magnitude of this coherent contribution is second order in the carrier-induced reduction of each site's stiffness constant:
The inter-(bi)polaron coherence factor F(g  g) falls as the ratio of the separation between large bipolarons to their radii R, g  g/R, is increased, since self-trapped carriers interact primarily with phonons of wave-vector q that satisfy qR < 1. By itself, this secondorder contribution produces a phonon-mediated attraction between large bipolarons [1, 5, 10, 11] .
This effect is akin to the BCS phonon-mediated attraction between free electronic carriers [13, 14] .
The merger of bipolarons into grander polarons is precluded by the requirement imposed by the Pauli principle that some of its self-trapped carriers be promoted into excited states [1, 5, 10, 11] . In other words, there is a short-range repulsion between bipolarons. In addition, 
IV. Planar large-bipolaron formation in cuprate superconductors' CuO 2 planes
As illustrated in Fig. 2 , the core of a planar large bipolaron formed from two holes added to a CuO 2 plane of La 2 CuO 4 is envisioned as involving four oxygen anions bounded by a square of copper cations. The hole-type bipolaron removes two of the eight out-of-plane electrons from these four oxygen anions (24 = 8). In response the four oxygen anions will move radially inward toward one another while the surrounding copper cations relax outward.
Although oxygen's first electron affinity is negative (142 kJ/mol), its second electron affinity is positive (780 kJ/mol). Thus, the presence of nearby cations is required to bind an oxygen dianion's second electron. This outer-most electron is released from the oxygen dianion Seebeck coefficient is the entropy per carrier charge transported with an added carrier [1, 19] .
The large-bipolaron-induced reduction of the spin entropy arising from converting four spin-1/2 Cu 2 ions into four spin-less Cu 1 cations lowers the Seebeck coefficient of these large-bipolaron holes by an amount that increases with rising temperature. In the high-temperature paramagnetic limit the Seebeck coefficient of these p-type bipolarons garner a negative contribution of
, where k B denotes the Boltzmann constant and e represents the elemental electronic charge's magnitude. This feature is consistent with the in-plane normal-state Seebeck coefficients of superconducting doped-La 2 CuO 4 falling toward negative values after rising to a peak as the temperature is raised above the superconducting transition temperature [20] [21] [22] [23] [24] .
V. Vibrations of a cuprate large-bipolarons' core ions
The internal motions of this large-bipolaron's electrons are coupled to the radial vibrations of its core's four oxygen atoms. The adiabatic adjustment of the large-bipolaron's electrons to these atomic vibrations softens them and thereby tends to decouple them from other optic vibrations.
For simplicity, consider the radially symmetric vibrations of these four oxygen atoms of mass M with the surrounding relatively heavy copper cations remaining fixed. The vibrational equations-of-motion governing radial displacements, the r i , of these four oxygen atoms from their equilibrium positions are: As illustrated in Fig. 6 , large-bipolarons' Drude-like contribution to their frequencydependent conductivity is therefore primarily limited to frequencies below  D . In the dc limit the very long scattering time of a large bipolaron-liquid's excitations ( > 1/ D ) compensates for its huge effective mass to generate a moderate mobility, 1-10 cm 2 /V-sec at 300 K, that remains inversely proportional to temperature even well below the Debye temperature [27, 28, [32] [33] [34] .
Indeed, extremely large effective masses ( 1100 free electron masses) are observed in cuprates but only at low enough frequencies to permit atomic motion (e.g. < 10 12 Hz) [6] . Furthermore, as measured in cuprates, the dc resistivity with a temperature-independent carrier concentration remains proportional to temperature even at very low temperatures [35] [36] [37] [38] [39] [40] .
Additional contributions to the frequency-dependent conductivity are produced above  D from optical absorptions that respectively liberate and excite large bipolarons' electronic carriers from and within their self-trapping potential wells. As shown in Fig. 6 this contribution consists of a broad asymmetric band plus some relatively narrow lower-frequency electronic absorptions [1, 27] . The "gap" between the high-frequency electronic and low-frequency polaronic contributions to the frequency-dependent conductivity opens as the temperature is lowered thereby shifting the Drude-like contribution to lower frequencies [28, 32] .
Here the core of a large bipolaron in a p-type imply that its superconductivity is attributed to charge carriers that form local pairs whose size is less than their characteristic separation [41] . Furthermore ultrafast spectroscopy measurements on some La 2x Sr x CuO 4 samples provide evidence of charge densities that fluctuate on picosecond time scales [42] .
Photoemission and positron annihilation spectroscopies probe electron distributions by exciting and annihilating electrons encountered by incident photons and positrons, respectively.
As enunciated by the Franck-Condon principal, these optical excitations and positronannihilations occur on much shorter timescales than do atomic vibrations. Thus, each encounter takes a "snapshot" of a material's electronic and atomic distributions [43] [44] [45] . 
